The Diffuse-Interface model for two-phase flow in porous media is applied to the invesigation of relative permeabilities in unsteady-state flows. It is shown that relative permeabilities have a transient regime where they can be significantly larger than 1. It is also shown that, when normalized by their endpoint values, relative permeabilities can be calculated from formulas involving thermodynamical and capillary pressure functions. The end-point relative permeabilities are linearly related to the fluid velocity, but the coefficients seem to be flow dependent.
Introduction
A new model for two-phase flow in porous media has recently been presented in two papers. 1, 2 We shall here call it "the DImodel." It is described in detail in the next section. Its main characteristic is that it is based on the diffuse interface model of fluid mechanics, where the two phases are manifestations of one and the same fluid, the transition from one phase to the other being taken care of by an equation of state of the van der Waals type. There is just one set of balance equations, in contradistinction to the traditional two-continuum model of twophase flow, where each phase is considered as a separate fluid.
The model is at present restricted to fluids of one chemical component and is thus ideally suited to a steam-water situation. It could also be applied to oil-gas flows in situations where looking at the oil and the gas as the two phases of one and the same flud is considered to be a good approximation. Most of the work done with the DI-model until the present has been directed towards establishing a "dialogue" with the traditional two-continuum model for two-phase flow.
On the one hand, the DI-model does not use relative permeabilities and is thus capable of making statements about these quantities. In fact, expressions for relative permeabilities have been proposed, 2 giving these as expressions involving the thermodynamical properties of the fluid, the wetting properties of the rock (as embodied in the capillary pressure), and some parameters.
On the other hand, the traditional two-continuum model has provided the DI-model with the means to incorporate experimentally obtained information about wetting, through capillary pressure versus saturation correlations. 2 In the present paper we continue the dialogue between the two models by introducing, in the DI-model, information leading to a mixed-wet rock. We then use the DI-model with this information to calculate relative permeabilities in two typically unsteady-state situations. These are a drainage and an imbibition, starting from an initial state where capillary and gravitational forces do not balance and ending in a state where they do.
model are outlined below. (1) where b is the intrinsic Helmholtz free energy of the bulk fluid (bulk referring to that part of the fluid where the gradient of R is negligible). It is of the form
whereM andP are the chemical potential and the pressure of the fluid at equilibrium. It is easy to see that, when assuming uniform temperature as we do here, the value ofM is irrelevant and that we can put
The W (R)-function has just two minima, occuring at two distinct values, 
or postulate a W -function having the required essential properties. An often used 1, 2 W -function, which we shall also use in the present paper is
where P c and R c ≡ (R l + R v )/2 are the pressure and density at the critical point. If, at the pore scale, the wetting is incomplete (i.e., the wetting angle is between 0 and 180 • ), then to a good approximation, the only remaining trace of the -fluid at the Darcy level is a function I (R) of the upscaled f -fluid density R. This function is a Helmholtz free energy describing the interaction of the f and fluids, which can also be seen as a free energy describing the wetting properties of the rock. It can be shown 2 that
where P c is the empirical capillary pressure function. This has been termed the "incomplete wetting approximation", 2 and is the approximation we are assuming in the present paper.
The determination of the I -function is described in a later subsection (see especially Eqs. 21-27).
Flow equations
The central equation describing fluid flow at the Darcy level is the classical mass balance equation
Here V is the Darcy-level velocity:
where
is the bulk fluid total Helmholtz free energy, and
is the gravitational potential energy. (g is vertical, points upwards, and |g| = g is equal to the acceleration due to gravity.) K is the absolute permeability, a constant, φ the porosity, and η the fluid viscosity. The formula for η that has been used in the previous publications 1, 2 is a modified form of a formula proposed by Arrhenius:
where η l and η v are the viscosities of the pure liquid and vapor phases, and S l and S v are the liquid and vapor saturations. These are interpretated as follows:
Note that the flow equation, obtained by combining Eqs. 7 and 8,
. (13) is (when G is identically zero) the Cahn-Hilliard equation. It is, as a rule, convenient for the numerical solution, to transform this equation into two coupled equations of the second order in the space derivatives. This is done by setting
Eq. 13 then becomes
Boundary Conditions A well-posed problem for Eq. 13 (or, alternatively, for Eqs. 15) is obtained by supplying an initial condition R(x, 0) = F(x), and a boundary condition. The latter must be one of the following:
where: n is the unit normal to the boundary pointing out; H is a function of u 1 and u 2 ; α 1 and α 2 are two constants; and G 1 and G 2 are functions of x, and of u 1 and u 2 and their derivatives. A boundary condition on u 1 in the present model is equivalent, because of the equation of state, to a condition on the pressure. A boundary condition on n · ∇u 2 is a condition on the velocity. The boundary conditions involving n · ∇u 1 are new to this model and have been discussed in a previous publication. 1 The boundary conditions which are relevant to reservoir studies are thus the ones labelled (c) and (e) above. For onedimensional studies, as the ones presented in the present paper, it is natural to use G 1 = 0. 1
Wetting and the I -function In summary, and provided the function I (R) is known, the density and velocity of a biphasic flow in a porous medium where
• the porous medium is characterized by constants K , φ, , Relative permeabilities do not exist in the model. The wetting properties of the rock are entered by means of the I -function.
The determination of the I -function now follows. The principle behind the determination of this function has been stated and illustrated in a previous publication, 2 for the case of a vaporwet rock. It is applied here to the case of a rock whose wetting properties are a mixture of vapor and liquid-wetting. The determination of I is based on Eq. 6 relating it to capillary pressure. This function is here assumed to be of the form 6
Here S l , S lr , and S vr are the liquid saturation, the residual liquid saturation, and the residual vapor saturation, respectively. The constants C l and C v are usually referred to as entry pressures and 1/a l and 1/a v as pore size distributions. It will be shown that the DI-model imposes some conditions linking the C's, the a's, and the residual saturations.
We now use Eqs. 12 to get the saturations in the above formulas: S l is given directly by Eq. 12 (left), and
Eqs. 18 become
The integration of Eq. 6, using Eq. 17, gives
The bounds and constants of integration will be determined, together with constants C l and C v , in such a way that W + I as a function of R is a distorted version of W in the following sense: it must have two minima at R = R * v and R = R * l , of value zero.
It should be pointed out that the fact that it is possible to determine the constants in this manner, with empirical functions like those in Eqs. 18, shows that the present model is consistent with experiments.
It should also be pointed out that the determination of I for all relevant fluid densities (say all R > 0) is not possible with the empirical functions just mentioned. The reason is that these functions are defined for S lr < S l < 1 − S vr , so that Eqs. 20 are only valid for R * v < R < R * l . The determination of I over a broader interval, which is necessary for the integration of Eq. 13, must be done with some physical principle in mind.
We first obtain I l and I v for R * v < R < R * l . I l is that part of the I -function which is due to the "liquidwet part" of the capillary pressure function. We impose the condition that W + I l should be "as much as possible equal to W " for R in the neighborhood of R * l :
(where the prime denotes derivation). Using these conditions to determine the constants in Eq. 22 with a = l one easily gets
I v is determined in the same way: W + I v should be "as much as possible equal to W " for R in the neighborhood of R * v :
It turns out that J l and J v are monotonic functions, respectively decreasing and increasing, for R * v < R < R * l (see Fig. 1 ). It is then easy to obtain a function W + I having two minima of value zero at R = R * v and R = R * l . It suffices to put
The W +I -function is shown in Fig. 2 , together with
It will be noted that, to obtain a W + I -function with the required characteristics, we have had to impose some conditions linking the C l and C v to some other central parameterts in the problem. We see in fact that A number of additional problems must be solved before one can tackle the numerical integration of Eqs. 15. The first one is the extension of Fig. 2 illustrates another problem: the extended W + I -function will in general not be differentiable at its minima and a number of standard numerical solvers find this unacceptable. * Eqs. 23b and 24b point out the third problem: if one of the parameters a l , a v is chosen larger than or equal to 1, then one of the denominators in Eqs. 25 would diverge, and the corresponding I l or I v -function would collapse to zero for all R. If both parameters are chosen larger than or equal to 1, then the entire I -function would be identically zero.
A way to solve the last two problems is to smooth out the I -function, or rather its two components I l and I v as shown on Fig. 3 . We define a function J s l as follows:
where J l | R * v + is J l with R * v replaced by R * v + . A typical value for , or rather for its dimensionless counterpart˜ (see the Nomenclature section) is 0.01. (For the sake of readability, the value of in Fig. 3 is greatly exagerated.) j l (R) is a second degree polynomial in R which is such that J s l and its derivative are continuous at R = R * v + 2 : it can easily be seen that j l has just one remaining degree of freedom. A function J s v is defined in a similar manner, with a polynomial j v (R). We now define a smoothed I -function by
and determine the constants C s l , C s v , and the two degrees of freedom in j l and j v , with the four conditions
(a = l, v) * We have used the FEMLAB (registered trademark of COMSOL AB) solver, which uses the finite element method. (the prime denotes derivation). The calculations are elementary and are not given here.
We now look at the problem of extending the I s -function, to the left of R * v and to the right of R * l . We denote this function by I se . The extension is done as follows. To the left of R * v we take W + I se to be equal to W , translated by the amount R * v − R v : this is the gas phase region and we expect it to behave approximately as a pure gas. To the right of R * l we want the liquid to behave as a nearly incompressible fluid and we impose therefore that
, where˜ is the small parameter used previously. The function W (R) + I se (R) is shown in Fig. 4 . This function is needed for the numerical solution of the differential equations of the model.
Relative permeabilities
As mentioned in the Introduction expressions for the relative permeabilities have been found, 2 involving the thermodynamical properties of the fluid, the wetting properties of the rock (as embodied in the capillary pressure), and some parameters. To write these expressions we need the derivative of the capillary pressure with respect to R. The smoothing of the I -function performed above implies that the capillary pressure function is slighty modified and must be recalculated as (see Eq. 17) where, according to Eqs. 27 and 6,
The relative permeabilities are then given by 2
, and γ is the generalization to the mixed-wet case of the one given previously: 2
and the tilded quantities are dimensionless: see the Nomenclature section.
Relative permeabilities in unsteady-state flows
As pointed out above, the DI-model does not use the relative permeability concept and is therefore well-suited to investigate the subject. Such investigations have already been carried out in two previous publications. 1, 2 In the first reference, 1 a truly steady state process was set up: a one-dimensional ganglionic flow of two phases. In the framework of that process it was shown that the generalized two-continuum model with viscous coupling is compatible with the present model.
In the second reference, 2 a nearly steady state situation was studied, with drainage of a vapor wet rock. The above theoretical expressions for relative permeabilities were found in connection with that study and it was shown that they are in good agreement with what one expects.
In the present paper we present results from two unsteadystate flows, a drainage and an imbibition. The calculations have been performed in one space dimension and the results are presented in terms of dimensionless quantities. These are defined in the Nomenclature section. For future reference we give here the main equations, written in these quantities.
The dimensionless velocity, and the dimensionless momentum (to be used in a later section) arẽ
. . . (34)
The flow equations (see Eqs. 15) are
. . . (35a)
∂ ∂x
whereũ 1 =R. The unit of length is such that 0 ≤x ≤ 1 and we have taken the x-axis to point downwards so that g is negative.
The constants have been chosen as follows:
Note that this leads tõ Relative permeabilities for drainage We consider drainage flow in a one-dimensional porous medium of mixed wetting properties. We want the flow to be manifestly unsteady-state at all times. This we achieve by arranging the drainage to take place at diminishing velocities, leading to a static equilibrium. Specifically, we consider a medium which is initially filled mostly with liquid underlying a thin later of vapor, with gravity forces larger that capillary forces so that drainage takes place, the amount of vapor increasing at the top and the amount of liquid decreasiing at the bottom. We fix the boundary conditions so that this drainage process approaches, ast → ∞, a static final state with mostly vapor overlying a thin layer of liquid.
The mathematical formulation is as follows. R(x, 0) (or, equivalentlyũ 1 (x, 0)) is given as a momotonically increasing function ofx, rising rapidly fromR 0 atx = 0 to a plateau close toR 1 , and reachingR 1 atx = 1. Herẽ R 0 ≈R * v andR 1 ≈R * l . The determination of the exact values ofR 0 andR 1 is given below.
The pressure is kept constant at both ends, which, in the present model, means imposing boundary conditions
The solution of Eqs. 35 will represent the drainage flow described above if the values ofR 0 andR 1 allow the existence of the state of equilibrium specified. To make sure that this is the case we first solve these equations with no-flow boundary conditions at top and bottom and withũ 1 (x, 0) equal to a constant C. By trial and error we find a value of C that leads to a state that can reasonably be described as "mostly vapor overlying a thin layer of liquid." With the numerical values given in Eqs.36-38 we found R 0 = 0.7902,R 1 = 1.4824. "Experimental" relative permeabilites are calculated from the results of the drainage calculation and compared to the theoretical formulas given above (Eqs. 30-33b). We start with the definitions in terms of dimensionless quantities: 2
These formulas mean that we look at the fluid in the transition region (i.e., the region whereR * v <R <R * l ) as a mixture of two phases, each phase having a density singled out by a minimum of the function W + I se (Fig. 4) .Ṽ * a is the velocity of phase a, andp * a is the pressure in phase a (a = l, v). The present model does not provide these quantities, and we know of no rigorous derivation. To obtain them, we proceed by generalizing the method described previoulsy 2 to the mixed-wet case. With this in mind we introduce the following notation for the velocities and momenta at, respectively, S * l = 0 and
We now postulate that 2 In this expression, the derivatives ofP cs l andP cs v are given by Eqs. 29, while the partial derivative ofR is obtained by using the solution of the partial differential equations.
Thus, at chosen time steps, the solution of the partial differential equations are used to calculate k rl (exp) Fig. 7 (right) .
The left plot also shows that the relative permeabilities become gradually flatter as the fluid decelerates to zero velocities. We have plotted the end-point relative permeabilities versus the fluid velocity: see where the errors on the coefficients are calculated by using the usual formulas of linear regression, assuming the end-point relative permeabilities to be normally distributed. The errors originate from the numerical integration of the differential equations.
Relative permeabilities for imbibition
We consider imbibition in a one-dimensional porous medium of mixed wetting properties. Preliminary results have been presented elsewhere. * As for the case of drainage, we want the flow to be manifestly unsteady state at all times and achieve this by arranging imbibition to take place at diminishing velocities, leading to a static equilibrium. Specifically, we consider a medium which is initially filled mostly with vapor overlying a thin layer of liquid, with capillary forces larger that gravity forces so that imbibition takes place, the amount of vapor decreasing at the top and the amount of liquid increasiing at the bottom. We fix the boundary conditions so that imbibition approaches, ast → ∞, a static final state with mostly liquid underlying a thin layer of vapor. The mathematical formulation is quite similar to the drainage case:R(x, 0) (or, equivalentlyũ 1 (x, 0)) is given as a momotonically increasing function ofx, whereũ 1 stays close tõ R 0 for most values ofx < 1, then rises rapidly toR 1 trial and error we find a value of C that leads to a state that can reasonably be described as "mostly liquid underlying a thin layer of vapor." With the numerical values given in Eqs. 36-38 we arrive atR 0 = 0.8427, andR 1 = 1.4866. These values then determine the initial condition and the boundary conditions (through Eqs. 39) for the imbibition problem. The plots illustrating the solution of the imbibition problem are shown in Fig. 9 : a plot of the density (left) and a plot of the fluid velocity (right), both versusx, for values oft in the range [0, 0.4]. It will be noted that flow is countercurrent here as in the drainage case. The dotted curve shows a curious oscillation in the velocity, taking place at both ends of the transition region. These might be due to the smoothing of the I -function, or to some calculational error that is damped out at later times. As will be seen below, the relative permeabilities calculated at the value oft corresponding to the dotted curve deviate somewhat from the relative permeabilities obtained at othert-values.
"Experimental" relative permeabilites are calculated from the results of the imbibition calculation, in a manner which is completely similar to the one used for drainage, and compared to the theoretical formulas given by Eqs. 30 and 32: the "raw" values for k rl(exp) and k rv(exp) are shown in Fig. 10 (left) . The right-hand plot shows
versus S * l for givent. The black crosses in the right-hand plot show the relative permeabilities calculated at the time corresponding to the dotted curve in Fig. 9 .
As in the case of drainage, the left plot shows that the relative permeabilities become gradually flatter as the fluid decelerates to zero velocities. The end-point relative permeabilities are plotted against the fluid velocity on Fig. 11 , where the straight 
